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We prove upper bounds on the life span of positive solutions for a semilinear heat
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1. Introduction
We consider the Cauchy problem for a semilinear heat equation⎧⎨
⎩
∂u
∂t
= u + up, x ∈Rn, t > 0,
u(x,0) = λφ(x), x ∈Rn,
(1)
where p > 1 and λ is a positive parameter. In this paper we assume that φ is a nonnegative bounded continuous function
on Rn but not identically zero.
We deﬁne the life span Tλ of the solution u(x, t;λ) as
Tλ = sup
{
T > 0
∣∣ (1) possesses a unique classical solution in Rn × [0, T )}.
As is well known, u ∈ C2,1(Rn × (0, Tλ)) ∩ C(Rn × [0, Tλ)) is bounded on Rn × [0, T ′] for any T ′ < Tλ and
‖u(·, t;λ)‖L∞(Rn) → ∞ as t → Tλ if Tλ < ∞.
In the problem (1), the positive parameter λ indicates the size of initial data. In general, as λ becomes larger, the life
span becomes shorter. Lee and Ni [4] showed the asymptotic behavior of the life span for suﬃciently large or small λ:
(i) Tλ ∼ λ1−p as λ → ∞.
(ii) If lim inf|x|→∞ φ(x) > 0, then Tλ ∼ λ1−p as λ → 0.
Later work by Gui and Wang [3] gave the following improvement:
(i) limλ→∞ Tλ · λp−1 = 1p−1‖φ‖1−pL∞(Rn) .
(ii) If lim|x|→∞ φ(x) = φ∞ > 0, then limλ→0 Tλ · λp−1 = 1p−1φ1−p∞ .
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assumption in (ii). The purpose of this paper is to give more detailed information concerning the life span of positive
solutions for general non-decaying initial data.
This paper is organized as follows. In Section 2, we state our main results: Theorems 1 and 2. In Section 3, we prove the
theorems by improving the method in Gui and Wang [3] and Yamaguchi and one of us [8].
2. Main results
Now, we state two main results. The ﬁrst result is the estimate of the life span with behavior of the initial data at inﬁnity
in every direction.
Theorem 1. Let n  2. Assume that there exists φ∞ ∈ L∞(Sn−1) satisfying lim infr→+∞ φ(rx′) = φ∞(x′) for any x′ ∈ Sn−1 and that∫
Sn−1 φ∞(x
′)dσ(x′) > 0, where σ is the surface measure on the unit sphere Sn−1 . Then for any λ > 0 we have
Tλ · λp−1  1
p − 1
(
1
σ(Sn−1)
∫
Sn−1
φ∞
(
x′
)
dσ
(
x′
))1−p
. (2)
The second result is the estimate with limiting values of the initial data with respect to each space valuable. In order to
state the theorem, we prepare the following notation:
Sn = {σ = (σ1, . . . , σn); σ j = +1 or − 1, 1 j  n}. (3)
Theorem 2. Put φσ = lim infx1→σ1∞ · · · lim infxn→σn∞ φ(x), where σ j∞ is understood to be +∞ or −∞. Assume that 2n-constants
φσ satisfy
∑
σ∈Sn φσ > 0. Then for any λ > 0 we have
Tλ · λp−1  1
p − 1
(∑
σ∈Sn φσ
Sn
)1−p
, where Sn = 2n. (4)
Remark 1. Theorem 2 is a natural generalization of the main result in [8], where the case n = 1 is proved.
Remark 2. Several recent studies show that minimal blow-up time is strongly associated with blow-up at space inﬁnity.
(See Giga and Umeda [1,2], Mochizuki and Suzuki [5], Seki [6], Suzuki and Umeda [7], and references therein.) The minimal
blow-up time is deﬁned as the blow-up time of the following ordinary differential equation:
⎧⎨
⎩
dU
dt
= U p, t > 0,
U (0) = λ‖φ‖L∞(Rn).
(5)
3. Proof of the theorems
3.1. Preliminaries
We ﬁrst deﬁne vλ(x, t) as
vλ(x, t) = λ−1u
(
λ(1−p)/2x, λ1−pt
)
(6)
for the solution u of (1). Then vλ satisﬁes
⎧⎨
⎩
∂vλ
∂t
= vλ + vpλ, x ∈Rn, t > 0,
vλ(x,0) = φ(λ(1−p)/2x) ≡ φλ(x), x ∈Rn.
(7)
By changing variables, we easily see that T˜λ = Tλ ·λp−1 is the life span of vλ . Therefore, it is suﬃcient to obtain the estimate
of the life span of vλ from above.
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Let ρR be the ﬁrst eigenfunction of − on BR(0) = {x ∈ Rn; |x| < R} with zero Dirichlet boundary condition under the
normalization
∫
BR (0)
ρR(x)dx = 1. Moreover, let μR be the corresponding ﬁrst eigenvalue. Here we set
wR,λ(t) =
∫
BR (0)
vλ(x, t)ρR(x)dx, (8)
and focus on the life span of wR,λ . Multiplying both sides of Eq. (7) by ρR and integrating over BR(0), we obtain the
following ordinary differential inequality (see [3]):
⎧⎪⎪⎨
⎪⎪⎩
w ′R,λ  w
p
R,λ − μRwR,λ, t ∈ (0, T˜λ),
wR,λ(0) =
∫
BR (0)
φλ(x)ρR(x)dx.
(9)
By a simple calculation, the life span of wR,λ is estimated from above as follows (see [3] and [8]):
TwR,λ 
log(1− μRw1−pR,λ (0))
−(p − 1)μR . (10)
In order to obtain the estimate of the life span of wR,λ which is independent of R , we prepare the following lemma.
Lemma 1. (i) For any λ > 0,
lim inf
R→+∞ wR,λ(0)
1
σ(Sn−1)
∫
Sn−1
φ∞
(
x′
)
dσ
(
x′
)
. (11)
(ii) For any λ > 0,
lim
R→+∞
log(1− μRw1−pR,λ (0))
−μRw1−pR,λ (0)
= 1. (12)
Proof. (i) Since ρR(2Rx/π) = (π/2R)nρπ
2
(x), we have
wR,λ(0) =
∫
BR (0)
φλ(x)ρR(x)dx
=
(
2R
π
)n ∫
B π
2
(0)
φλ
(
2R
π
x
)
ρR
(
2R
π
x
)
dx
=
∫
B π
2
(0)
φλ
(
2R
π
x
)
ρπ
2
(x)dx. (13)
By Fatou’s lemma, we obtain
lim inf
R→∞ wR,λ(0)
∫
B π
2
(0)
φ∞
(
x
|x|
)
ρπ
2
(x)dx
=
π
2∫
0
∫
Sn−1
φ∞
(
x′
)
ρπ
2
(
rx′
)
dr dσ
= 1
σ(Sn−1)
∫
Sn−1
φ∞
(
x′
)
dσ . (14)
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lim
R→∞μRw
1−p
R,λ (0) = 0, (15)
we obtain (12). 
Proof of Theorem 1 (continued). Using (11) and (12), we see that
limsup
R→∞
TwR,λ  limsup
R→∞
log(1− μRw1−pR,λ (0))
−(p − 1)μR
= limsup
R→∞
log(1− μRw1−pR,λ (0))
−μRw1−pR,λ (0)
· w
1−p
R,λ (0)
p − 1
= 1
p − 1 limR→∞
log(1− μRw1−pR,λ (0))
−μRw1−pR,λ (0)
·
(
lim inf
R→∞ wR,λ(0)
)1−p
 1
p − 1
(
1
σ(Sn−1)
∫
Sn−1
φ∞
(
x′
)
dσ
)1−p
. (16)
On the other hand, we have
limsup
R→∞
TwR,λ  limsup
R→∞
T˜λ = T˜λ = Tλλp−1. (17)
This completes the proof. 
3.3. Proof of Theorem 2
Put R = (R1, . . . , Rn) ∈ (0,∞) × · · · × (0,∞), and let ρR j (x) be the ﬁrst eigenfunction of − on 1-dimensional interval
(−R j, R j) with zero Dirichlet boundary condition under the normalization
∫ R j
−R j ρR j (x j)dx j = 1. Moreover, let μR j be the
corresponding ﬁrst eigenvalue. Here we set
wR,λ(t) =
Rn∫
−Rn
· · ·
R1∫
−R1
vλ(x, t)
∏
j
ρR j (x j)dx1 · · ·dxn. (18)
Multiplying both sides of Eq. (7) by
∏
j ρR j (x j) and integrating over (−R1, R1) × · · · × (−Rn, Rn), we obtain the following
ordinary differential inequality (see [3]):⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
w ′R,λ  w
p
R,λ −
∑
j
μR j wR,λ, t ∈ (0, T˜λ),
wR,λ(0) =
Rn∫
−Rn
· · ·
R1∫
−R1
φλ(x)
∏
j
ρR j (x j)dx1 · · ·dxn.
(19)
By a simple calculation, the life span of wR,λ is estimated from above as follows:
TwR,λ 
log(1−∑ j μR j w1−pR,λ (0))
(1− p)∑ j μR j . (20)
We prepare the following lemma in the same way as in the proof of Theorem 1.
Lemma 2. (i) For any λ > 0,
lim inf
R1→+∞
· · · lim inf
Rn→+∞
wR,λ(0)
∑
σ∈Sn φσ
Sn
. (21)
(ii) For any λ > 0,
limsup
R1→∞
· · · limsup
Rn→∞
log(1−∑ j μR j w1−pR,λ (0))
−∑ j μR j w1−pR,λ (0)
 1. (22)
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wR,λ(0) =
Rn∫
−Rn
· · ·
R1∫
−R1
φλ(x)
∏
j
ρR j (x j)dx1 · · ·dxn
=
(∏
j
2R j
π
) π2∫
− π2
· · ·
π
2∫
− π2
φλ
(
2R1
π
x1, . . . ,
2Rn
π
xn
)∏
j
ρR j
(
2R j
π
x j
)
dx1 · · ·dxn
=
π
2∫
− π2
· · ·
π
2∫
− π2
φλ
(
2R1
π
x1, . . . ,
2Rn
π
xn
)∏
j
ρπ
2
(x j)dx1 · · ·dxn.
Using Fatou’s lemma n-times, we obtain
lim inf
R1→+∞
· · · lim inf
Rn→+∞
wR,λ(0)
π
2∫
− π2
· · ·
π
2∫
− π2
lim inf
R1→+∞
· · · lim inf
Rn→+∞
φλ
(
2R1
π
x1, . . . ,
2Rn
π
xn
)∏
j
ρπ
2
(x j)dx1 · · ·dxn
=
∑
σ∈Sn φσ
Sn
.
(ii) First we claim
limsup
R1→+∞
· · · limsup
Rn→+∞
∑
j
μR j w
1−p
R,λ (0) = 0. (23)
Indeed, we have
0 limsup
R1→+∞
· · · limsup
Rn→+∞
∑
j
μR j w
1−p
R,λ (0)

(∑
j
lim
R j→∞
μR j
)
· limsup
R1→∞
· · · limsup
Rn−1→∞
limsup
Rn→∞
(
w1−pR,λ (0)
)
=
(∑
j
lim
R j→∞
μR j
)
· limsup
R1→∞
· · · limsup
Rn−1→∞
(
lim inf
Rn→∞
wR,λ(0)
)1−p
=
(∑
j
lim
R j→∞
μR j
)
·
(
lim inf
R1→∞
· · · lim inf
Rn−1→∞
lim inf
Rn→∞
wR,λ(0)
)1−p
= 0. (24)
Using the inequality
log(1− τ )
−τ 
1
1− τ (25)
for 0 < τ < 1, we get
limsup
R1→∞
· · · limsup
Rn→∞
log(1−∑ j μR j w1−pR,λ (0))
−∑ j μR j w1−pR,λ (0)
 limsup
R1→∞
· · · limsup
Rn→∞
1
1−∑ j μR j w1−pR,λ (0)
= 1
1− limsupR1→∞ · · · limsupRn→∞
∑
j μR j w
1−p
R,λ (0)
= 1.  (26)
Proof of Theorem 2 (continued). From (21) and (22), we see that
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R1→∞
· · · limsup
Rn→∞
TwR,λ  limsup
R1→∞
· · · limsup
Rn→∞
log(1− μRw1−pR,λ (0))
(1− p)μR
= limsup
R1→∞
· · · limsup
Rn→∞
log(1− μRw1−pR,λ (0))
−μRw1−pR,λ (0)
· w
1−p
R,λ (0)
p − 1
 limsup
R1→∞
· · · limsup
Rn→∞
log(1− μRw1−pR,λ (0))
−μRw1−pR,λ (0)
· limsup
R1→∞
· · · limsup
Rn→∞
w1−pR,λ (0)
p − 1
 1
p − 1
(∑
σ∈Sn φσ
Sn
)1−p
. (27)
This completes the proof. 
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